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THE INCLUSION RELATIONS OF THE COUNTABLE
MODELS OF SET THEORY ARE ALL ISOMORPHIC
JOEL DAVID HAMKINS AND MAKOTO KIKUCHI
Abstract. The structures
〈
M,⊆M
〉
arising as the inclusion rela-
tion of a countable model of sufficient set theory
〈
M,∈M
〉
, whether
well-founded or not, are all isomorphic. These structures
〈
M,⊆M
〉
are exactly the countable saturated models of the theory of set-
theoretic mereology: an unbounded atomic relatively complemented
distributive lattice. A very weak set theory suffices, even finite set
theory, provided that one excludes the ω-standard models with no
infinite sets and the ω-standard models of set theory with an amor-
phous set. Analogous results hold also for class theories such as
Go¨del-Bernays set theory and Kelley-Morse set theory.
1. Introduction
Set-theoretic mereology is the study of the inclusion relation ⊆ as it
arises within set theory. In any set-theoretic context, with the set
membership relation ∈, one may define the corresponding inclusion
relation ⊆ and investigate its properties. Thus, every model of set
theory
〈
M,∈M
〉
gives rise to a corresponding model of set-theoretic
mereology
〈
M,⊆M
〉
, the reduct to the inclusion relation.
In our previous article [HK16], we identified exactly the complete
theory of these mereological structures
〈
M,⊆M
〉
. Namely, if
〈
M,∈M
〉
is a model of set theory, even for extremely weak theories, including set
theory without the infinity axiom, then the corresponding mereological
reduct
〈
M,⊆M
〉
is an unbounded atomic relatively complemented dis-
tributive lattice. We call this the theory of set-theoretic mereology. By
a quantifier-elimination argument that we give in [HK16], partaking of
Tarski’s Boolean-algebra invariants and Ersˇov’s work on lattices, this
theory is complete.
This work was supported by JSPS KAKENHI Grant Number 17H02263. The
research project builds on our earlier paper [HK16]. This segment of the work began
in Kyoto at the conference Mathematical Logic and its Applications, organized by
the second author and held at the Research Institute for Mathematical Sciences at
Kyoto University in September 2016. The first author is grateful for the support
of his participation there. Commentary concerning this paper can be made at
jdh.hamkins.org/inclusion-relations-are-all-isomorphic.
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After that work, we found it natural to inquire:
Question 1. Which models of set-theoretic mereology arise as the in-
clusion relation ⊆ of a model of set theory?
More precisely, given a model 〈M,⊑〉 of set-theoretic mereology, un-
der what circumstances can we place a binary relation ∈M on M in
such a way that
〈
M,∈M
〉
is a model of set theory and the inclusion
relation ⊆ defined in
〈
M,∈M
〉
is precisely the given relation ⊑? One
can view this question as seeking a kind of Stone-style representation
of the mereological structure 〈M,⊑〉, because such a model M would
provide a representation of 〈M,⊑〉 as a relative field of sets via the
model of set theory
〈
M,∈M
〉
.
A second natural question was to wonder how much of the theory of
the original model of set theory can be recovered from the mereological
reduct.
Question 2. If
〈
M,⊆M
〉
is the model of set-theoretic mereology arising
as the inclusion relation ⊆ of a model of set theory
〈
M,∈M
〉
, what part
of the theory of
〈
M,∈M
〉
is determined by the structure
〈
M,⊆M
〉
?
In the case of the countable models of ZFC, these questions are
completely answered by our main theorems.
Main Theorems.
(1) All countable models of set theory
〈
M,∈M
〉
|= ZFC have iso-
morphic reducts
〈
M,⊆M
〉
to the inclusion relation.
(2) The same holds for models of considerably weaker theories such
as KP and even finite set theory ZF¬∞, provided one excludes
the ω-standard models without infinite sets and the ω-standard
models having an amorphous set.
(3) These inclusion reducts
〈
M,⊆M
〉
are precisely the countable
saturated models of set-theoretic mereology.
(4) Similar results hold for class theory: all countable models of
Go¨del-Bernays set theory have isomorphic reducts to the inclu-
sion relation, and this reduct is precisely the countably infinite
saturated atomic Boolean algebra.
Specifically, in theorem 5 we show that the mereological reducts〈
M,⊆M
〉
of the models of sufficient set theory are always ω-saturated,
and from this it follows on general model-theoretic grounds (corollary 6)
that they are all isomorphic, establishing statements (1) and (2). So
a countable model 〈M,⊑〉 of set-theoretic mereology arises as the in-
clusion relation of a model of sufficient set theory if and only if it is
3ω-saturated (corollary 7), establishing (3) and answering question 1.
Consequently, in addition, the mereological reducts
〈
M,⊆M
〉
of the
countable models of sufficient set theory know essentially nothing of the
theory of the structure
〈
M,∈M
〉
from which they arose, since
〈
M,⊆M
〉
arises equally as the inclusion relation of other models 〈M,∈∗〉 with any
desired sufficient alternative set theory (corollary 8), a fact which an-
swers question 2. Our analysis works with very weak set theories, even
finite set theory ZF¬∞, provided one excludes the ω-standard models
with no infinite sets and the ω-standard models with an amorphous
set, since the inclusion reducts of these models are not ω-saturated. In
section 4 we prove that most of these results do not generalize to un-
countable models, nor even to the ω1-like models, although theorem 12
shows that every saturated model of set-theoretic mereology is realized
as the inclusion relation of a model of any desired consistent set theory.
Our results have some affinity with the classical results in models
of arithmetic concerned with the additive reducts of models of PA.
Restricting a model of set theory to the inclusion relation ⊆ is, af-
ter all, something like restricting a model of arithmetic to its additive
part. Lipshitz and Nadel [LN78] proved that a countable model of
Presburger arithmetic (with + only) can be expanded to a model of
PA if and only if it is computably saturated. We had hoped at first to
prove a corresponding result for the mereological reducts of the models
of set theory. In arithmetic, the additive reducts are not all isomor-
phic, since the standard system of the PA model is fully captured by
the additive reduct. Our main result for the countable models of set
theory, however, turned out to be stronger than we had expected, since
the inclusion reducts are not merely computably saturated, but fully ω-
saturated, and this is why they are all isomorphic. Meanwhile, Lipshitz
and Nadel point out that their result does not generalize to uncount-
able models of arithmetic, and similarly ours also does not generalize
to uncountable models of set theory (see section 4). Another instance
of the general phenomenon is known for real-closed fields, since results
in [DKS10, DKS12] show that a countable real closed field has an in-
teger part that is a model of PA just in case it is either Archimedean
or computably saturated.
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2. Expressive power of types in set-theoretic mereology
Let us begin our analysis by observing that every model of set-
theoretic mereology 〈M,⊑〉 can be represented as a relative field of
sets, that is, a collection of sets closed under intersection, union and
relative complement. This can be seen simply by identifying every ob-
ject in M with the set of atoms below it, since one may readily verify
that this representation respects the lattice structure of 〈M,⊑〉. There-
fore, allow us freely to use a set-theoretic terminology and notation in
set-theoretic mereology, referring to the lattice operations as union,
intersection and relative complement.
We shall now clarify the exact expressive power of types in set-
theoretic mereology.
Lemma 3. If p(a1, . . . , an) is a complete n-type in the language of
set-theoretic mereology, then p(a1, . . . , an) is equivalent over the theory
of set-theoretic mereology to the assertions stating for each cell in the
Venn diagram of the variables that it has some specific finite size or
that it is infinite.
5
2∞
17
3
∞0
a b
c
(∞)
|a− (b ∪ c)| =∞
|(a ∩ b)− c| = 3
|b− (a ∪ c)| = 2
|(a ∩ c)− b| = 0
|a ∩ b ∩ c| = 5
|(b ∩ c)− a| =∞
|c− (a ∪ b)| = 17
Proof. This is a consequence of the elimination of quantifiers argument
from our previous paper [HK16, theorem 9]. We proved that every
assertion in the language of set-theoretic mereology is equivalent to
a quantifier-free assertion in the language allowing the operations of
union ∪, intersection ∩ and relative complement x−y and the relations
|τ | = n, which assert that there are precisely n atoms below τ . It
follows that a complete type p(a1, . . . , an) must make such an assertion
about every cell in the corresponding Venn diagram of those variables,
and furthermore this information determines everything else that one
can express about those variables in this language. (Note that in set-
theoretic mereology, it follows from unboundedness that the exterior
region, which is not represented by any term, must always be infinite.)

Although the lemma shows that every type amounts in a sense to
finitely many assertions about the cells in the Venn diagram, we are
5not claiming that every complete type is principal, because the asser-
tion that a particular cell in the Venn diagram is infinite, as with the
assertion |a− (b∪c)| =∞ in the diagram above, is not expressible by a
single formula in the language of set-theoretic mereology, but rather is
expressible in the type as infinitely many assertions stating that that
term has no particular finite size. Indeed, one cannot express in a single
formula that a term is infinite, since in [HK16] we proved that 〈HF,⊆〉
is an elementary substructure of 〈V,⊆〉, and the former mereological
structure has no infinite sets, while the latter does.
The lemma implies that there are only countably many types in
set-theoretic mereology, since in finitely many variables there are only
finitely many cells in the Venn diagram and only countably many possi-
ble things to say about each cell. It follows on general model-theoretic
grounds, using the omitting-types theorem, that there is therefore a
prime model, a model that embeds elementarily into all other models.
In the case of set-theoretic mereology, this is the model consisting of
all finite subsets of a fixed countable set, such as the case with the
structure 〈HF,⊆〉 of hereditarily finite sets.
It is also an immediate consequence of lemma 3 that every com-
putably saturated model of set-theoretic mereology is fully ω-saturated,
because the expressive power of the types is so limited: every complete
type is logically equivalent to a computable type.
3. Saturated models of set-theoretic mereology
Since lemma 3 provides a complete account of what one can say with
a type in set-theoretic mereology, we can use this to give a necessary
and sufficient criteria for a model of set-theoretic mereology to be ω-
saturated.
Let us refer to an element u in a model of set-theoretic mereology as
an infinite element, if it is not the join of finitely many atoms. This
concept is not expressible in the language of set-theoretic mereology, in
light of the 〈HF,⊆〉 ≺ 〈V,⊆〉 example, and so one should understand it
externally as a definition in the model theory of set-theoretic mereology.
In particular, if 〈M,∈〉 is a model of set theory, an element u can be
infinite in
〈
M,⊆M
〉
in this sense without 〈M,∈〉 necessarily thinking
that u is an infinite set; for example, perhaps u is a nonstandard finite
set in M .
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Theorem 4. A model of set-theoretic mereology 〈M,⊑〉 is ω-saturated
if and only if
(1) every infinite element of M is the disjoint union of two infinite
elements, and
(2) for every element a ∈ M , there is an infinite element u ∈ M
disjoint from a.
Equivalently, there are infinite elements and for every infinite element
u there is an element x for which u − x, u ∩ x and x − u are each
infinite.
∞
u
→
u
∞ ∞∞
x
Proof. (→) If 〈M,⊑〉 is ω-saturated and u is infinite, then we may write
down the type p(x, u) expressing that x∩u and u−x are both infinite.
This is expressible by the infinite list of assertions that |x∩ u| 6= k and
|u−x| 6= k for any finite k. Because u has infinitely many atoms below
it, every finite collection of these assertions is realized in the model,
and so the type is finitely realized. By ω-saturation, therefore, the
whole type is realized by some object v ∈ M . So u can be partitioned
into v ∩ u and u − v, both of which are infinite. Similarly, for any
element a ∈M , let q(x, a) assert that x− a is infinite, by means of the
assertions |x−a| 6= k for every finite k. Since the lattice is unbounded,
this type is finitely realized, and so by ω-saturation, the whole type is
realized. So we have found an infinite element disjoint from a.
(←) Assume that 〈M,⊑〉 is a model of set-theoretic mereology with
the two stated properties. The main point is that this is sufficient to re-
alize any given consistent type. To see this, suppose that p(x, a0, . . . , an)
is a complete 1-type in the language of mereology with finitely many
parameters ai ∈ M and which is finitely realized in 〈M,⊑〉. We want
to show that the type is realized in 〈M,⊑〉. By lemma 3, the type is
making assertions about the sizes of the various cells in the Venn dia-
gram of x and the parameters ai. Note that the full Venn diagram for x
together with the parameters ai is obtained from the Venn diagram of
the parameters ai alone by allowing x to cut each cell in that diagram
into two pieces. That is, the type p(x,~a) is telling us how much to take
from each cell in the Venn diagram of the parameters and how much
to take from outside the union of the parameters (see figure 1).
We claim that the type is realized, since we may simply assemble a
realizing object x by including the right number of objects from each
73
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A complete type p(x, a, b, c)
makes assertions about how x
splits the cells in the Venn
diagram of a, b and c and how
much of x is outside a ∪ b ∪ c.
Figure 1. A complete 1-type p(x, a, b, c) with three parameters.
cell, and this is possible under the assumptions that we have made
about 〈M,⊑〉. If the type asserts that x ∩ τ(~a) has some size k, for
example, and that τ(~a)−x has size r, where τ(~a) is a term representing
a cell in the Venn diagram of the parameters, then since the type is
finitely realized, it follows that τ(~a) must have had size k+r in 〈M,⊑〉,
and we may simply reserve k of the objects from τ(~a) to place into x
and keep the others from that cell out of x. Similarly, if the type asserts
that an infinite cell τ(~a) should be split in a certain way, including into
two infinite pieces, or that there should be infinitely many elements
of x outside of a1 ∪ · · · ∪ an, then these are also each possible by our
assumption on 〈M,⊑〉.
So for each cell in the Venn diagram, we may find a set x satisfying
the requirement that the type asserted for that cell, and the union of
these local solutions, therefore, satisfies all the requirements of the type.
So 〈M,⊑〉 realizes every 1-type p(x,~a) with finitely many parameters
that is consistent with its diagram, and so the structure is ω-saturated.

Since the models of set-theoretic mereology arising from a model
of set theory generally exhibit the properties stated in theorem 4, it
follows that they are ω-saturated. There are some exceptions to this,
however, including the ω-standard models of finite set theory, such as
〈HF,∈〉, which have no infinite sets at all, and the ω-standard models
of set theory with an amorphous set. Recall that a set A is amorphous
in set theory, if it is infinite, but every subset is finite or cofinite in
A. The existence of such a set is refutable in ZFC, using the axiom
of choice, but it is relatively consistent with ZF, without the axiom
of choice, that amorphous sets exist. Unfortunately, the ω-standard
models of set theory with an amorphous set are not ω-saturated, as we
explain in observation 9.
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Theorem 5. If
〈
M,⊆M
〉
is a model of set-theoretic mereology arising
as the inclusion relation of a model of set theory
〈
M,∈M
〉
of any of
the following kinds:
• any model of ZFC set theory, or more generally
• any model of KP without an amorphous set,
• any ω-nonstandard model of KP, even with amorphous sets, or
• any ω-nonstandard model of finite set theory ZF¬∞,
then
〈
M,⊆M
〉
is ω-saturated.
Proof. We are using KP here as a stand-in for any essentially weak set
theory, and considerabbly weaker theories suffice. What we require of
the model of set theory
〈
M,∈M
〉
is first, that it satisfies that the in-
clusion relation ⊆M is an unbounded atomic relatively complemented
distributive lattice, and this is truly a very weak requirement on the set
theory; and second, that it satisfies the two partition properties stated
in theorem 4. In any model of ZFC, for example, every infinite set
(including the nonstandard finite sets, if the model is ω-nonstandard)
is the union of two disjoint infinite sets and every set has an infinite set
disjoint from it. This is also true in KP and even considerably weaker
theories, provided that there is no amorphous set, an infinite set which
cannot be split into two infinite subsets. If the model of set theory is
ω-nonstandard, then the problem of amorphous sets evaporates, since
one can use nonstandard finite sets to realize the partition properties.
The point is that the saturation criterion of theorem 4 makes reference
to the external concept of infinite elements, whereas amorphous sets
make reference to the internal concept of infinite in set theory; in an
ω-nonstandard model, therefore, the nonstandard finite sets are infinite
with respect to the lattice-theoretic concept, even though they are finite
with respect to the internal set-theory of the model. It follows that all
ω-nonstandard models of even extremely weak set theories, including
finite set theory ZF¬∞, will have ω-saturated mereological reducts. In
summary, for all the kinds of models of set theory listed in the state-
ment of the theorem, the corresponding inclusion relation
〈
M,⊆M
〉
fulfills the criterion of theorem 4 and is therefore ω-saturated. 
The import of theorem 5 is that all countable ω-saturated models of a
complete theory are isomorphic, by the back-and-forth method. Thus,
all of these countable models of set theory have isomorphic inclusion
relations.
Corollary 6. All countable models of ZFC set theory have the same
inclusion relation, up to isomorphism. More generally, the inclusion
9relations arising in any of the models of set theory of the type mentioned
in theorem 5 are all isomorphic.
Proof. If
〈
M,∈M
〉
is a countable model of set theory of the type men-
tioned in the statement of the theorem, then the associated mereologi-
cal structure
〈
M,⊆M
〉
is a countable ω-saturated model of set-theoretic
mereology. Since this is a complete theory, all such models are isomor-
phic by the back-and-forth construction. 
Let us draw out the consequences answering questions 1 and 2.
Corollary 7. A countable model 〈M,⊑〉 of set-theoretic mereology
arises as the inclusion relation ⊆M of a countable model of set the-
ory (of any desired type mentioned in theorem 5) if and only if it is
ω-saturated.
Proof. All such inclusion relations are ω-saturated, and there is only
one countable ω-saturated model of set-theoretic mereology, since it is
a complete theory. 
Corollary 8. If 〈M,⊑〉 arises as the inclusion relation of a countable
model of set theory
〈
M,∈M
〉
of the type mentioned in theorem 5, then
for any alternative set theory T extending some extremely minimal the-
ory, there is a relation ∈∗ on M such that 〈M,∈∗〉 is a model of T and
〈M,⊑〉 is also the inclusion relation as defined in 〈M,∈∗〉.
This is a sense in which the mereological model 〈M,⊑〉 knows very
little set theory, since it cannot tell whether it came from the model〈
M,∈M
〉
or from the model 〈M,∈∗〉, and these can have extremely
different theories. Indeed, since the theory T was arbitrary, the original
structure 〈M,⊑〉 is the inclusion relation of a model of any sufficient
set theory at all, with CH, without CH, with large cardinals, without
large cardinals, with infinite sets, or without (but in this case with
nonstandard finite sets).
Proof. If 〈M,⊑〉 is the inclusion relation of a countable model of set
theory
〈
M,∈M
〉
of the type mentioned, then 〈M,⊑〉 is ω-saturated,
and hence isomorphic to the inclusion relation of any other countable
model of set theory or even countable nonstandard model of finite set
theory. By pulling the set-membership relation of that other model
back to M , we obtain a relation ∈∗ on M realizing exactly ⊑ as its
inclusion relation and satisfying that other theory. 
Next, we point out that the omissions of the ω-standard models of
finite set theory and the ω-standard models of set theory with amor-
phous sets in theorem 5 are necessary.
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Observation 9. If
〈
M,∈M
〉
is an ω-standard model of finite set the-
ory or an ω-standard model of set theory with an amorphous set, then〈
M,⊆M
〉
is not ω-saturated. The inclusion relation for these kinds
of models is therefore not isomorphic to the inclusion relations of the
other models of set theory mentioned in theorem 5.
Proof. The ω-standard models of finite set theory have no infinite sets,
and therefore fail to fulfill the second criterion of theorem 4. If
〈
M,∈M
〉
is ω-standard and has an amorphous set u, then every subset of u in M
is either finite or cofinite in u, and so
〈
M,⊆M
〉
does not realize the type
p(x, u) asserting that x ∩ u and u − x are both infinite, although this
type is finitely consistent with the theory of
〈
M,⊆M
〉
. So
〈
M,⊆M
〉
is
not ω-saturated. 
We have identified at least three distinct isomorphism types of mod-
els of set-theoretic mereology that arise as the inclusion relation of a
model of some kind of set theory.
• The ω-saturated models arise as
〈
M,⊆M
〉
for the models of set
theory mentioned in theorem 5.
• The prime model, where every set is finite, arises in the ω-
standard models of finite set theory ZF¬∞, such as in 〈HF,⊆〉.
• Non-prime non-saturated models
〈
M,⊆M
〉
arise in an ω-standard
model of set theory with an amorphous set.
Question 10. Do all countable ω-standard models of ZF set theory
with an amorphous set have isomorphic inclusion relations?
Let us expand our understanding of what is possible in the the-
ory of set-theoretic mereology by constructing additional pairwise non-
isomorphic countable models of the theory. Fix any natural number n
and let A0, A1, . . . , An be disjoint infinite sets. Let M consist of sets
A ⊆ ∪iAi such that A∩Ai is finite or cofinite for each i < n and A∩An
is finite. This is a collection of sets closed under union, intersection
and relative complement; it contains the singleton subsets of any of its
members; and it has no largest element. So it is an unbounded atomic
relatively complemented distributive lattice and therefore a model of
set-theoretic mereology. Notice furthermore that each Ai for i < n is in
the collection M , and so M has a family of n infinite disjoint sets. But
also, every infinite element of M has cofinitely many members from
some Ai for i < n, and so by the pigeonhole principle there cannot
be a family of n + 1 many infinite disjoint sets in M . So 〈M,⊆〉 is
a model of set-theoretic mereology with this characteristic n, the size
of the largest family of infinite disjoint sets. Since this characteristic
11
is invariant by isomorphism, we have therefore constructed infinitely
many non-isomorphic models of mereology.
Let us observe further that this characteristic, when finite, deter-
mines the isomorphism class of the structure. Suppose that 〈M,⊑〉 is
an arbitrary model of set-theoretic mereology with characteristic n, so
that there are n infinite disjoint sets Ai for i < n, but there is no family
of n + 1 many infinite disjoint sets. (We identify every element of M
with the set of atoms below it.) In this case, every set in M must agree
either finitely or cofinitely with each Ai, and contain finitely many
additional elements, for otherwise we could construct a family of size
n + 1. Furthermore, every such pattern is realized, since 〈M,⊑〉 is an
atomic relatively complemented distributive lattice, and since it is also
unbounded, there must be infinitely many atoms not in any of the Ai.
It follows that 〈M,⊑〉 is isomorphic to the model we constructed in the
previous paragraph, and so having finite characteristic n is indeed an
isomorphism classifier.
The ω-saturated countable model of set-theoretic mereology defi-
nitely has infinitely many disjoint infinite sets, but this is not an
isomorphism-classifier, on account of the models of ZF with amorphous
sets.
The ideas of the previous paragraphs amount to the beginnings of
Tarski’s classification of the elementary classes of Boolean algebras by
means of what are now known as the Tarski invariants [CK90, the-
orem 5.5.10], [Poi00, theorem 6.20], [Hod93, p. 66]. Ersˇov extended
that work to the relatively complemented distributive lattices [Ersˇ64],
[Mon76, theorem 15.6] and [BSTW85, theorem 3.1.1], and we expect
those invariants to shed light on the classification of the models of
set-theoretic mereology arising from models of set theory. In particu-
lar, we believe that the answer to question 10 will come by means of
the Tarski/Ersˇov invariants of Boolean algebras and relatively comple-
mented lattices applied to the countable models of set-theoretic mere-
ology, combined with knowledge of the models of ZF with amorphous
sets. For example, in any model of ZF with an amorphous set A, there
must be infinitely many pairwise-disjoint amorphous sets, since one
may use {α} × A, and therefore in the quotient of the mereological
structure by the ideal generated by the atoms, these will remain as
infinitely many atoms in the quotient. It is less clear what happens
upon iterating this quotient process, and this would seem to be the key
to answering question 10.
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4. Uncountable models of set-theoretic mereology
Let us consider the situation for uncountable models of set-theoretic
mereology. Alfredo Dolich pointed out that on general model-theoretic
grounds, the analogue of corollary 6 does not hold for uncountable
models of set-theoretic mereology:
Theorem 11. For every uncountable cardinal κ, there are 2κ many
pairwise non-isomorphic models of set-theoretic mereology arising as
the inclusion relation ⊆ in a model of any particular set theory.
Proof. Set-theoretic mereology is an unstable theory, because ⊆ is an
order relation, and furthermore, the class of reducts to ⊆ of the models
of a given set theory form a pseudo-elementary (PC) class. It follows by
deep results of Shelah [She90, chapter VIII] that for every uncountable
cardinal κ, there are 2κ many non-isomorphic models in that PC class.

Next, we observe that if one begins with a saturated mereological
model, then indeed it does arise as the inclusion relation of a model of
set theory.
Theorem 12. If a (possibly uncountable) model 〈M,⊑〉 of set-theoretic
mereology is saturated, then it arises as the inclusion relation ⊆M with
respect to a model
〈
M,∈M
〉
of any desired consistent set theory.
Proof. Suppose that 〈M,⊑〉 is a saturated model of set-theoretic mere-
ology, and let T be any consistent set theory, extending KP, say, for
definiteness. It follows that 〈M,⊑〉 is resplendent (see [Poi00, theorem
9.17]). What this means is that any first-order assertion in the language
of a new predicate symbol (that is, a Σ11 assertion if one understands
that one is asserting that there is a predicate satisfying the property)
that is consistent with the elementary diagram of the model is realized
already by an expansion of the model, adding an actual predicate, but
not adding new elements.
Applying resplendency, let us consider the assertion in the language
of a new binary relation ∈ˆ, asserting that ∈ˆ is a model of T and that
⊑ is the subset relation with respect to ∈ˆ. This assertion is consistent
with the elementary diagram of 〈M,⊑〉, because a finite subtheory of
this theory is asserting merely that ∈ˆ satisfies T and there are finitely
many sets having a certain number of elements in their respective Venn
diagram cells. But those assertions are compatible with any model of
T . Thus, there must be an elementary extension of 〈M,⊑〉 in which the
assertion about ∈ˆ is realized. So by resplendency, it is already realized
without adding any new elements. In other words, there is a relation ∈ˆ
13
on M such that 〈M, ∈ˆ〉 is a model of T and ⊑ is the inclusion relation
⊆ as defined in it, as desired. 
Conversely, it is easy to see that if
〈
M,∈M
〉
is a saturated model
of set theory, then the corresponding inclusion model
〈
M,⊆M
〉
is a
saturated model of set-theoretic mereology.
But meanwhile, many uncountable models of set theory do not have
saturated mereological inclusion relations.
Theorem 13. No uncountable transitive model of set theory 〈M,∈〉
has a saturated inclusion relation 〈M,⊆〉. Indeed, if
〈
M,∈M
〉
is any
model of set theory (a very weak theory suffices) with an element w ∈M
for which the set of elements { a ∈M | a ∈M w } is countably infinite,
then
〈
M,⊆M
〉
is not ω1-saturated.
Proof. If 〈M,∈〉 is a transitive model of ZFC, then ω ∈M is such a set
w as in the second statement. So assume that we have a set w ∈ M
with { a ∈M | a ∈M w } being a countably infinite set. Let p(x) be the
type asserting that x ⊆ w, that x has at least one element, and that
{a} 6⊆ x for each a with a ∈M w. That is, the type p(x) asserts that
x is a nonempty subset of w, but that it doesn’t contain as a subset
any particular singleton {a} of an element of w. The type is finitely
realized in
〈
M,⊆M
〉
, since we can easily find a subset of w avoiding
any particular finite list of elements, but the type cannot be realized in〈
M,⊆M
〉
, since if x is to be a nonempty subset of w, it must contain
at least one {a} for a ∈ w as a subset. Since the type uses countably
many parameters, it follows that
〈
M,⊆M
〉
is not ω1-saturated. 
The argument of theorem 13 generalizes to other cardinals, show-
ing that if
〈
M,∈M
〉
has an element with κ many ∈M -elements, then〈
M,⊆M
〉
is not κ+-saturated. Thus, if
〈
M,∈M
〉
is a model of set the-
ory whose inclusion relation is
〈
M,⊆M
〉
is saturated, then all infinite
elements of M must have the same cardinality as M itself.
The case of ω1-like models of set theory is interesting. A model of
set theory
〈
M,∈M
〉
is ω1-like, if it is uncountable, yet every set a ∈M
has only countably many ∈M -elements. Equivalently, it is uncountable,
but every rank initial segment of the model (Vα)
M is countable. It is a
generally observed phenomenon for models of arithmetic and set theory
that fundamental facts about the countable models often generalize to
the ω1-like models, and when they do not, this is usually interesting.
In light of this, it seems natural to ask: are the mereological reducts〈
M,⊆M
〉
of the ω1-like models of set theory
〈
M,∈M
〉
|= ZFC all iso-
morphic? The answer is no under the ♦ hypothesis.
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Theorem 14. If ♦ holds and ZFC is consistent, then there is a fam-
ily of 2ω1 many ω1-like models of ZFC with pairwise non-isomorphic
inclusion relations.
Proof. The main idea is to follow the construction method of [FGH17],
building a tree of top-extensions of models and using the ♦-sequence
to anticipate and then kill off possible isomorphisms of the inclusion
relation at each stage.
Assume that 〈Aα | α < ω1〉 is a ♦-sequence. We shall assign to each
transfinite binary sequence s ∈ 2<ω1 a countable model Ms |= ZFC in
such a way that they form elementary top-extensions as one lengthens
s, and each Ms is built on a countable subset of ω1. We start at the
bottom with a given countable modelM∅ of ZFC. At most stages of the
construction, including every finite stage and every stage that is not a
limit ordinal, if Ms has been defined then we may let Msa0 and Msa1
be arbitrary countable elementary top-extensions of Ms (see [KM68],
proof also given in [FGH17, lemma 2]). The interesting case occurs at
successors of limit ordinals. If Ms is defined for all s ∈ 2
<λ, where λ is
a limit ordinal, we define Ms for s ∈ 2
λ as the union of the elementary
chain Ms↾α for α < λ. And next, the crucial step. We look at Aλ and
inquire whether by some unlikely miracle it happens to code a pair
of distinct sequences s, t ∈ 2λ and an isomorphism j :
〈
Ms,⊆
Ms
〉
∼=〈
Mt,⊆
Mt
〉
, whose underlying sets are contained in λ. If not, we extend
arbitrarily as usual, but if it does, then we shall now extend Ms and
Mt in such a way so as to prevent this particular isomorphism from
growing.
In order to do so, first extend Mt arbitrarily to Mta0 = Mta1. For
each a ∈ Mta0, we consider the trace of a on Mt, which is τ(a) =
{ b ∈Mt |Mta0 |= b ⊆ a }. Since there are only countably many new
elements a, it follows that there are also only countably many trace sets
τ(a). Pulling back under j, we may consider the corresponding traces
on Ms, namely, j
−1τ(a) = { b ∈ Ms | Mta0 |= j(b) ⊆ a }. We claim as
in [FGH17, lemma 3] that there are continuum many traces on Ms
realized in various top-extensions of Ms, and so we may find a top-
extension of Ms to a model Msa0 = Msa1 with a new element c whose
trace onMs is different from all those j
−1τ(a). It follows that no further
top-extension of Msa0 and Mta0 to models M and N , respectively, can
have an isomorphism j :
〈
M,⊆M
〉
∼=
〈
N,⊆N
〉
extending j, since the
trace of j(c) on Mt will have to agree with the trace of some element
a ∈ Mta0 on Mt, since in N we may take a = j(c) ∩ V
N
α for some
rank α between the height of Mt and Mta0, and this would mean that
the trace of c on Ms would agree with j
−1τ(a), contrary to our choice
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of c. This completes the construction of the models Ms for s ∈ 2
<ω1.
To summarize, we have built a tree of countable top-extensions Ms for
s ∈ 2<ω1 , and at each stage, if the ♦-sequence hands us an isomorphism
of the mereological reducts of two models at a given stage, then we
extend those models at that stage so as to kill off that isomorphism
and prevent it from extending.
To each uncountable binary sequence S ∈ 2ω1 , let MS be the union
of the elementary chain MS↾α for α < ω1. Thus, we have a family of 2
ω1
many ω1-like models of ZFC. We claim that the mereological reducts〈
MS,⊆
MS
〉
of these models are pairwise non-isomorphic. To see this,
assume toward contradiction that j :
〈
MS,⊆
MS
〉
∼=
〈
MT ,⊆
MT
〉
is an
isomorphism for S 6= T . We may code S, T and j with a subset of
ω1, and so by the ♦ hypothesis, there is a stationary set of λ where
Aλ codes S ∩ λ, T ∩ λ and j ↾ λ, and where MS↾λ and MT ↾λ have
underlying set contained in λ. In this case, we had exactly extended
these models so as to prevent j ↾ λ from extending further, contrary
to our assumption that j is an isomorphism of the full models MS and
MT . So there can be no such isomorphism. 
Question 15. Can the ♦ hypothesis in theorem 14 be omitted?
5. Class-theoretic mereology
Let us now extend our analysis of set-theoretic mereology to the case
of the various second-order set theories, such as Go¨del-Bernays set the-
ory GBC or Kelley-Morse set theory KM, which allow proper classes
as objects in the theory. Although these second-order set theories are
commonly presented in a two-sorted language, with one sort for the
first-order objects, the sets, and another sort for the second-order ob-
jects, the classes, nevertheless both GBC and KM and most of the
other second-order set theories also admit one-sorted formalizations,
where every object is a class. In that manner of formalism, the sets
are simply special kinds of classes, the classes that happen to be an
element of another class.
If 〈M,∈〉 is such a model of class theory, then we may define the
usual inclusion relation ⊆ on classes and consider the class-theoretic
mereological structure 〈M,⊆〉, where we keep all the classes of M but
now have only the inclusion relation. It is easy to see that 〈M,⊆〉
is an atomic Boolean algebra with infinitely many atoms. This is a
complete theory by classical results of Tarski, and because of how we
arrived at this theory, we shall refer to it as the theory of class-theoretic
mereology.
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Our main result for these structures is that the class-theoretic mereo-
logical reducts
〈
M,⊆M
〉
are all ω-saturated, and therefore all countable
such models are isomorphic (theorem 17 and corollary 18).
Tarski provided an elimination-of-quantifiers construction, showing
that every assertion in the language of Boolean algebras is equivalent in
class-theoretic mereology to a quantifier-free assertion in the language
of Boolean algebras augmented by the relations |τ | = n, which asserts
that object τ has precisely n atoms below it. Indeed, that quantifier-
elimination argument was the inspiration for the argument we had
given in [HK16] for the case of set-theoretic mereology. It follows that
we get an analogue of lemma 3 for class-theoretic mereology.
Lemma 16. If p(a1, . . . , an) is a complete type with n free variables
in the language of mereology, then p(a1, . . . , an) is equivalent over the
theory of class-theoretic mereology to the assertions stating for each
cell in the Venn diagram of the variables (including the universal class,
providing the exterior region) that it has some specific finite size or that
it is infinite.
5
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One difference between the type assertions here and the case of set-
theoretic mereology is that in set-theoretic mereology, the exterior re-
gion was always infinite, since one of the axioms was that the lattice
is unbounded; but in class theory, there is a universal class V , and one
can have cofinite proper classes and so on.
Proof. The proof is essentially just the same as for lemma 3. If we have
a complete type p(a1, . . . , an), then it will assert particular values for
those cells in the Venn diagram, and the point is that this information
completely determines the rest of the type by the quantifier-elimination
result. 
Theorem 17. If
〈
M,∈M
〉
is a model of GBC, but considerably less
suffices, then the corresponding inclusion relation
〈
M,⊆M
〉
is an ω-
saturated model of class-theoretic mereology, an ω-saturated infinite
atomic Boolean algebra.
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Proof. We can prove this theorem in essentially the same manner as
we proved theorem 5. Given any complete type p(x,~a) that is finitely
realized in
〈
M,⊆M
〉
, we know by lemma 16 that p is asserting that
x exhibits a certain pattern of sizes for the cells in the Venn diagram
of the parameters. But any model of class theory is able to realize
any such finite pattern, just as before, provided that we are not in an
ω-standard model of finite set theory or an ω-standard model with an
amorphous set. 
Corollary 18. All countable models of GBC have the same inclusion
relation, up to isomorphism. Specifically, if
〈
M,∈M
〉
and
〈
N,∈N
〉
are each countable models of GBC, then
〈
M,⊆M
〉
is isomorphic to〈
N,⊆N
〉
.
Proof. Since
〈
M,⊆M
〉
and
〈
N,⊆N
〉
are each ω-saturated models of
the same complete theory, they are isomorphic by the back-and-forth
construction. 
The class theory required in these theorems is extremely weak. All
that is needed is to prove that ⊆ forms an infinite atomic Boolean
algebra and the ability to realize types of the limited expressive power
identified in lemma 16. For example, one can make an ω-saturated
model by starting even with a nonstandard model of finite set theory
ZF¬∞ and adding as classes all the definable classes. One has a natural
theory GBC¬∞ corresponding to this situation, and this structure could
be thought of as a class-theoretic analogue of finite set theory, but it
still is sufficient to support the ω-saturated argument of theorem 17.
For example, the model 〈HF,∈〉 augmented with its definable classes
is isomorphic in the inclusion ⊆ reduct to the inclusion reduct of any
countable model of full GBC. We find this remarkable.
Let us mention specifically, however, that one must again exclude the
ω-standard models of class theory having an amorphous set, as in this
case, the corresponding mereological structures are not ω-saturated.
Apart from the amorphous exception, the general conclusion again
is that the inclusion relation ⊆ of class theory knows very little about
the theory of ∈ in the model from which it arose. Every model of class-
theoretic mereology
〈
M,⊆M
〉
arising as the inclusion relation of some
model of class theory also arises identically as the inclusion relation
of other models of class theory, with totally different theories, and
indeed any given model of class theory is isomorphic to a model giving
rise identically to ⊆M . So if all you know is the inclusion relation ⊆,
you cannot tell whether the model of class theory had the continuum
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hypothesis, whether it had large cardinals, or indeed whether it though
the axiom of infinity was true.
Indeed, it follows from theorem 17 that for a countable model of
class theory 〈M,∈〉, there is no difference between a proper class with
infinite complement and an infinite set with a proper class complement,
with respect to properties in the corresponding mereological structure〈
M,⊆M
〉
. For example, one may consider an infinite set of natural
numbers in the model or the class of all ordinals in the model, and
in the language of inclusion ⊆ both of these classes realize the same
parameter-free type by lemma 16, and so there is an automorphism
of
〈
M,⊆M
〉
swapping them. One cannot distinguish between any two
infinite co-infinite classes in mereology, even if one of them begins as
a proper class and the other begins as a mere infinite set. Thus, au-
tomorphisms of the inclusion relation
〈
M,⊆M
〉
need not respect the
set/class distinction, and in this sense the set/class distinction is not
expressible in class-theoretic mereology.
Much of the rest of our treatment of set-theoretic mereology also
extends to class-theoretic mereology. For example, although there is a
unique countable model arising as the inclusion relation from a model
of class theory, nevertheless for uncountable cardinals κ there will be 2κ
many non-isomorphic models of size κ arising as the inclusion relation
⊆ of a model of any given class theory. And the inclusion relation of
an uncountable transitive model of GBC is never saturated, nor even
ω1-saturated.
Let us conclude the paper by mentioning briefly David Lewis’s ex-
tended philosophical treatment of the mereological content of class the-
ory in his book [Lew91]. Because his approach gives a central role to the
singleton operator a 7→ {a}, our perspective is that it is consequently
closer to the class theory of Go¨del-Bernays or Kelley-Morse than it is
to the purely mereological theory of inclusion that we consider here.
After all, as we pointed out in [HK16], the ⊆ relation when augmented
with the singleton operator becomes inter-definable with the member-
ship relation ∈. In our previous article [HK16], we had argued that
the decidability of set-theoretic mereology, the pure theory of ⊆, is an
important part of the explanation why the ⊆-only form of mereology
has not provided a robust foundation of mathematics, and an essen-
tially similar argument applies to class-theoretic mereology, since ⊆
for classes is the theory of an infinite atomic Boolean algebra, again a
decidable theory. We take the main results of this article, that there
is essentially only one countable model of mereology that arises, to
further buttress this argument. Meanwhile, by adopting the singleton
19
operator, Lewis side-steps both of these criticisms, for mereology with
the singleton operator is fully bi-interpretable with membership-based
set and class theory, if at the cost of being less mereological.
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